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Abstract
The well-known “Bernstein’s weighted problem” deals with the possibility of weighted approximation
on the whole real line. In this paper, we show the possibility of k-monotone approximation on the real line
with Freud’s weight Wα(x) := e−|x |α , α ≥ 1.
c© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and main results
In this paper, we deal with weighted polynomial approximation on the real line.
As usual, let C(S) denote the set of all continuous functions on S. For a continuous W :
R → (0, 1], denote by CW the space of all f ∈ C(R) such that limx→±∞ f (x)W (x) = 0
and ‖ f ‖W := supx∈R | f (x)W (x)|. In the 1950’s, Achieser, Mergelyan, and Pollard (see e.g. [3])
solved a well-known “Bernstein’s weighted problem” posed by Bernstein in 1924 (see [1]). The
following theorem is as stated by Pollard [6].
Theorem (“Bernstein’s Weighted Problem”). Suppose xn ∈ CW , for any non-negative integer
n. Then in order that {xn}∞n=0 be fundamental in CW it is necessary and sufficient that
(i)
∫ +∞
−∞
log(1/W (t))
1+t2 dt = ∞;
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(ii) there exists a sequence of polynomials {Pn}∞n=1 such that for each x: limn→∞ Pn(x)W (x) =
1 while supn≥1 ‖Pn‖W <∞.
In particular, the so-called Freud’s weight, Wα(x) := e−|x |α , satisfies conditions (i) and (ii) if
α ≥ 1, and therefore the linear span of xn, n ∈ Z+, is dense in CWα if α ≥ 1. Some recent results
regarding approximation with the exponential weights are discussed in survey [5] by Lubinsky.
Everywhere below, we assume that α ≥ 1 even if it is not explicitly stated. (We do, however,
make an effort to mention this in all statements of our results.)
It is often important for mathematical objects which approximate a given function to preserve
some of its properties such as monotonicity, convexity, etc. This direction in Approximation
Theory is called Shape Preserving Approximation (see, for example, [4] for a survey of results on
this subject), and the main our goal in this paper is to investigate “Bernstein’s weighted problem”
for this type of approximation (using Freud’s weight).
A function f : R→ R is said to be k-monotone if
[x0, x1, . . . , xk, f ] :=
k∑
i=0
f (xi )
k∏
j=0, j 6=i
(xi − x j )
≥ 0,
for any collection of k + 1 distinct points x0, x1, . . . , xk . Hence, the usual monotone and convex
functions are 1- and 2-monotone, respectively. It is well known that Bernstein polynomials
preserve k-monotonicity on closed intervals, i.e., if f is a k-monotone function on a closed
interval then the respective Bernstein polynomial is also k-monotone on this interval (see
e.g. [4]).
For any f ∈ CW , let En( f,W ) := infP∈Πn ‖ f − P‖W and Ekn( f,W ) := infP∈Π kn ‖ f − P‖W ,
where Πn and Π kn denote the sets of all algebraic and all k-monotone algebraic polynomials of
degree ≤ n, respectively. We can now state the main result of this paper.
Theorem 1. Let Wα(x) := e−|x |α , α ≥ 1, and suppose that f ∈ CWα is k-monotone. Then
limn→∞ Ekn( f,Wα) = 0.
Theorem 1 provides the possibility of k-monotone approximation in the general case and is a
consequence of the following result where we describe the rate of this type of approximation in
the case of k-times continuously differentiable functions f .
As usual, L∞(S) denotes the set of measurable functions f on S such that ‖ f ‖L∞(S) :=
ess supx∈S | f (x)| <∞.
Theorem 2. Let f be a k-monotone function, k ≥ 1, and f (k) ∈ CWα , α ≥ 1. Then, for any
n ≥ 1, there exists a polynomial Pn ∈ Π k2n+k such that
‖( f − Pn)Wα‖L∞([−rn ,rn ]) ≤ M1 En(µ,Wα)‖µ‖Wα (1)
and
‖( f − Pn)Wα‖L∞(R\[−rn ,rn ]) ≤ M2 rnn En(µ,Wα)‖µ‖Wα , (2)
where µ(x) := √ f (k)(21/αx) and rn = 4(2n/α)1/α, n ≥ 1, and the constants M1, M2 are
independent of f and n.
This article is organized in the following way. In Section 2, we prove auxiliary lemmas and
show the possibility of shape preserving smoothing. In Section 3, we prove Theorems 1 and 2.
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2. Auxiliary lemmas and statements
The following lemma summarizes some important properties of k-monotone functions (see,
e.g., [2,7]).
Lemma 3. Let f be a k-monotone function on the real line and k ≥ 2. Then:
(1) f (k−2) is continuous and convex on R;
(2) functions f (k−1)+ and f
(k−1)
− are defined everywhere, monotone nondecreasing on R, and
coincide everywhere except possibly on a countable set;
(3) if lk−1(x) interpolates f at z1, . . . , zk , then f (x) − lk−1 ≥ 0 for x ≥ max{z1, . . . , zk} and
(−1)k( f (x)− lk−1) ≥ 0 for x ≤ min{z1, . . . , zk}.
Note that part (3) of Lemma 3 is also valid for Taylor polynomials, i.e., when z = z1 = · · · =
zk (for f (k−1)(z) we can take any number between f (k−1)− (z) and f
(k−1)
+ (z)).
By C (k)(R) we denote the set of all k-times continuously differentiable functions on the real
line.
Lemma 4. Let F ∈ C (k)(R), k ≥ 1, be such that F (i)(0) = 0, 0 ≤ i ≤ k − 1, and
F (k)Wα ∈ L∞(R). Then
|F(x)Wα(x)| ≤ min{1, |x |1−α}‖F (k)‖Wα , x ∈ R. (3)
Proof. Without loss of generality we assume that x ≥ 0. Then,
|F(x)Wα(x)| =
∣∣∣∣∫ x
0
∫ tk−1
0
. . .
∫ t1
0
F (k)(t)Wα(x)dtdt1 . . . dtk−1
∣∣∣∣
≤ ‖F (k)Wα‖L∞(R)
∣∣∣∣∫ x
0
∫ tk−1
0
. . .
∫ t1
0
Wα(x)
Wα(t)
dtdt1 . . . dtk−1
∣∣∣∣ .
Now, the following inequality follows from the fact that the function g(u) = u1−αeuα−∫ u0 evαdv
is nondecreasing on [1,+∞) and g(1) ≥ 0 (and, hence, g(u) ≥ 0 for u ≥ 1)∣∣∣∣∫ u
0
Wα(u)
Wα(v)
dv
∣∣∣∣ = ∫ u
0
ev
α
euα
dv ≤ u1−α, u ≥ 1. (4)
If 0 ≤ u ≤ 1, then∫ u
0
ev
α
euα
dv ≤ u ≤ 1, (5)
and, in particular, combining with (4) we conclude that
∫ u
0 e
vα−uαdv ≤ 1, for all u ≥ 0.
Therefore,∣∣∣∣∣
∫ x
0
∫ tk−1
0
· · ·
∫ t1
0
et
α
exα
dtdt1 . . . dtk−1
∣∣∣∣∣ =
∫ x
0
et
α
k−1
exα
∫ tk−1
0
et
α
k−2
et
α
k−1
. . .
∫ t1
0
et
α
et
α
1
dtdt1 . . . dtk−1
≤
∫ x
0
et
α
k−1
exα
dtk−1 ≤
{
x1−α, x ≥ 1,
1, 0 ≤ x < 1.
This completes the proof. 
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Lemma 5. Let f ∈ CWα be a k-monotone function, k ≥ 1. Then, for any ε > 0, there exists a
k-monotone function g ∈ C (k)(R) such that ‖ f − g‖Wα < ε, and g(k) is identically zero outside
some finite interval.
Proof. First, we consider the case k = 1.
Let f ∈ CWα be a nondecreasing function and suppose that ε is fixed. Choose d > 0 such that
‖ f Wα‖L∞(R\[−d,d]) < ε/3. In addition, there exists a positive integer N such that the Bernstein
polynomial
B(x) := BN ( f ; [−d, d]; x) :=
N∑
i=0
(
N
i
)
f
(
−d + i 2d
N
)
(x + d)i (d − x)N−i
(2d)N
of degree N satisfies ‖ f − B‖C[−d,d] < ε/3. Consider
v(x) :=

−B ′(d)(x − d − h)/h, if x ∈ [d, d + h],
B ′(x), if x ∈ [−d, d],
B ′(−d)(x + d + h)/h, if x ∈ [−d − h,−d],
0, otherwise,
where h is a positive number to be chosen later. Define g(x) := ∫ x0 v(t)dt + B(0). Now, g is a
nondecreasing function from C (1)(R) since g′ = v ≥ 0 by the monotonicity preserving property
of Bernstein polynomials.
Taking into account that g(d) = B(d) we have
lim
h→0+
∣∣‖g‖L∞[d,d+h] − |B(d)|∣∣
= lim
h→0+
∣∣∣∣∣
∥∥∥∥− B ′(d)2h (x − d − h)2 + B ′(d)2 h + B(d)
∥∥∥∥
L∞[d,d+h]
− |B(d)|
∣∣∣∣∣
≤ lim
h→0+ |B
′(d)|h = 0,
and, similarly,
lim
h→0+
∣∣‖g‖L∞([−d−h,−d]) − |B(−d)|∣∣ = 0.
We now choose h so that
|g(x)| < |B(d)| + ε/3, x ∈ [d, d + h],
and
|g(x)| < |B(−d)| + ε/3, x ∈ [−d − h,−d].
Finally, we show that function g is the one sought. Indeed,
‖( f − g)Wα‖L∞([−d,d]) ≤ ‖ f − B‖L∞([−d,d]) < ε/3,
and
‖( f − g)Wα‖L∞(R\[−d,d]) ≤ ‖ f Wα‖L∞(R\[−d,d]) + ‖gWα‖L∞(R\[−d,d])
≤ ε/3+max{‖gWα‖L∞([−d−h,−d]), ‖gWα‖L∞([d,d+h])}
≤ ε/3+max{(|B(±d)| + ε/3)Wα(±d)}
≤ ε/3+max{| f (±d)|Wα(±d)} + ε/3
≤ ε,
which completes the proof in the case k = 1.
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For k > 1, we use induction on k.
Assuming that the statement of the lemma holds for k = n − 1, n ≥ 2, we now verify that it
holds in the case k = n.
Let f ∈ CWα be an n-monotone function. Lemma 3 implies that f (n−2) is convex and that
f (n−1) := f
(n−1)
+ + f (n−1)−
2 is monotone nondecreasing. Let s := f − T , where T is the Taylor
polynomial of degree ≤ n − 1 for f at 0, i.e., T (i)(0) = f (i)(0), 0 ≤ i ≤ n − 1. Thus, s
is an n-monotone function on R and s ∈ CWα . Since s(n−1)(0) = 0 and s(n−1) is monotone
nondecreasing we get that s(n−1)(x) ≥ 0, for x ≥ 0, and s(n−1)(x) ≤ 0, for x ≤ 0. Applying
Lemma 3, part (3), to the (n− i)-monotone function f (i), 0 ≤ i ≤ n− 2, and observing that the
i-th derivative of T is the Taylor polynomial for f (i), we get overall the following inequalities:
s(i)(d) ≥ 0, 0 ≤ i ≤ n − 1, if d > 0, (6)
and
(−1)(n−i)s(i) (d) ≥ 0, 0 ≤ i ≤ n − 1, if d < 0. (7)
Now, for any ε > 0, consider points d1 > 0, d2 < 0 such that s(n−1) exists at these points and
‖sWα‖L∞(R\[d2,d1]) < ε. Define
ν(x) :=
T1(x), x > d1,s(x), x ∈ [d2, d1],T2(x), x < d2,
where T j (x) = ∑n−1i=0 s(i)(d j )i ! (x − d j )i , j = 1, 2. For n ≥ 3, ν is an n-monotone function
from C (1)(R) ∩ CWα . (Indeed, since s(n−2) is convex and T (n−2)j are the tangent lines at points
d j , j = 1, 2, the function ν(n−2) is convex, and the n-monotonicity of ν follows.) For n = 2, we
make an intermediate step, first replacing f by a continuously differentiable convex function f˜
such that ‖ f − f˜ ‖Wα < ε (see the remark below), and then defining function s. Similarly in this
case, we get that ν is convex and belongs to C (1)(R) ∩ CWα .
Lemma 3 and inequalities (6) and (7) imply
‖s − ν‖Wα = ‖(s − ν)Wα‖L∞(R\[d2,d1])
≤ max{‖(s − T1)Wα‖L∞([d1,∞)), ‖(s − T2)Wα‖L∞((−∞,d2])}
≤ ‖sWα‖L∞(R\[d2,d1]) < ε.
Hence,
‖ f − (ν + T )‖Wα = ‖s − ν‖Wα ≤ ε. (8)
Now, using our induction assumption, consider the (n− 1)-monotone function (ν+ T )′ and note
that it is continuous. There exists an (n − 1)-monotone function g ∈ C (n−1)(R) such that g(n−1)
is identically zero outside some finite interval and ‖(ν+T )′− g‖Wα < ε. We will now show that
the function
z(x) := ν(0)+ T (0)+
∫ x
0
g(t)dt
is the one sought. Indeed,
‖z − f ‖Wα ≤ ‖ν(0)+ T (0)+
∫ x
0
g(t)dt − ν(x)− T (x)‖Wα
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+‖ν(x)+ T (x)− f (x)‖Wα
≤ ‖(ν + T )′ − g‖Wα + ε ≤ 2ε,
where the second inequality follows from Lemma 4 and inequality (8). The proof of the lemma
is now complete. 
Remark. For n = 2, a convex function f is not necessary differentiable on R and can be
replaced in Lemma 5 by a convex function f˜ ∈ C (1)(R) so that ‖ f − f˜ ‖Wα < ε. This may
be done in different ways. For example, assume that f is differentiable at integral points. For all
m ∈ Z, consider Bernstein polynomials Bm,Nm of degree Nm defined on [m,m + 1] such that
‖ f − Bm,Nm‖C[m,m+1] < ε/4. Note that
B ′m,Nm (m + 1) =
f (m + 1)− f (m + 1− 1/Nm)
1/Nm
,
and
B ′m+1,Nm+1(m + 1) =
f (m + 1+ 1/Nm+1)− f (m + 1)
1/Nm+1
.
Then B ′m,Nm (m+1) ≤ B ′m+1,Nm+1(m+1) by the monotonicity property of the slope function for
convex functions. Using this, we now stick Bernstein polynomials near the endpoints. Namely,
starting from the interval [0, 1] we construct f˜ in the following way: f˜ (0) = f (0), f˜ ′(x) :=
B ′m,Nm (x), x ∈ [m,m + 1 − δm], and f˜ ′ is a linear function on [m + 1 − δm,m + 1] :
f˜ ′(m+ 1− δm) = B ′m,Nm (m+ 1− δm), f˜ ′(m+ 1) = B ′m+1,Nm+1(m+ 1). Parameter 0 < δm < 1
is chosen so that ‖ f˜ − f ‖C[0,1] < ε/2, ‖ f˜ − f ‖C[m,m+1] < ‖ f˜ − f ‖C[m−1,m]+ε/2m+1,m > 0,
and ‖ f˜ − f ‖C[m−1,m] < ‖ f˜ − f ‖C[m,m+1] + ε/2−m+1,m < 0. Thus, f˜ ∈ C (1)(R) is convex,
and ‖ f − f˜ ‖Wα ≤ ‖ f − f˜ ‖C(R) <
∑∞
m=0 ε/2m+1 = ε.
3. Proofs of Theorems 1 and 2
Theorem 1 follows immediately from Lemma 5 and Theorem 2 since, for any function
f ∈ CWα , limn→∞ En( f,Wα) = 0.
Proof of Theorem 2. Note that k-monotonicity of f implies non-negativity of f (k). From the
condition limx→±∞ f (k)(x)Wα(x) = 0 we may conclude that limx→±∞
√
f (k)(x)e−|x |α/2 = 0,
and define µ(y) := √ f (k)(21/α y).
Note that
lim
y→±∞µ(y)e
−|y|α = lim
y→±∞
√
f (k)(21/α y)e−|y|α = lim
x→±∞
√
f (k)(x)e−|x |α/2 = 0.
Consequently, µ ∈ CWα and there exists a polynomial P0 of degree n such that En(µ,Wα) =
‖µ− P0‖Wα .
Now, we estimate the error of approximation of f (k) by the polynomial P(x) = P20 (2−1/αx)
of degree 2n. For all x ∈ R, defining y = 2−1/αx we have
|( f (k)(x)− P(x))e−|x |α | = |( f (k)(x)− P20 (2−1/αx))e−|x |
α |
=
∣∣∣∣√ f (k)(21/α y)− P0(y)∣∣∣∣ ∣∣∣∣√ f (k)(21/α y)+ P0(y)∣∣∣∣ e−2|y|α
≤ |µ(y)− P0(y)|e−|y|α {|µ(y)− P0(y)| + 2µ(y)} e−|y|α
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≤ En(µ,Wα)
{
2‖µ‖Wα + En(µ,Wα)
}
≤ 3En(µ,Wα)‖µ‖Wα ,
i.e.,
‖ f (k) − P‖Wα ≤ 3En(µ,Wα)‖µ‖Wα .
Consider now the following polynomial of degree 2n + k:
Q(x) :=
∫ x
0
∫ tk−1
0
. . .
∫ t1
0
P(t)dtdt1 . . . dtk−1 +
k−1∑
i=0
f (i)(0)
i ! x
i .
Obviously, Q is k-monotone on R, and Lemma 4 implies
‖( f − Q)Wα‖L∞([−rn ,rn ]) ≤ ‖ f (k) − P‖Wα ≤ 3En(µ,Wα)‖µ‖Wα ,
and so (1) is proved.
Inequality (2) also follows from Lemma 4 if we notice that, for any n ∈ N,
rn = 4
(
2n
α
)1/α
≥ 1, r1−αn = 4−αrn
(
2n
α
)−1
≤ rn
8n
,
which implies
‖( f − Q)Wα‖L∞(R\[−rn ,rn ]) ≤ r1−αn ‖ f (k) − P‖Wα ≤
3rn
8n
En(µ,Wα)‖µ‖Wα ,
and the proof of Theorem 2 is now complete. 
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